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RATIONAL POINTS ON WEIGHTED PROJECTIVE
SPACES
AN-WEN DENG
Abstract. In this paper, we count the rational points on the
weighted projective spaces defined over number fields w.r.t. “ size”.
An asymptotic formula which generalizes the result in [Sch79] is
obtained. Furthermore, we count also the rational points on the
product of weighted projective spaces.
1. Introduction
This article is one of our papers discussing the rational points on
the weighted projective varieties. We use the argument in [Sch79] to
count the number points on the weighted projective spaces over number
fields. As in our paper [Den98], we recognized that the Weil heights or
Arakelov heights are not the “suitable” functions to measure the “size”
of the rational points on the weighted projective varieties because of
weights. Instead of heights, we introduced the function “ primitive
size”, Size, on the weighted projective varieties . Here, we will describe
the function “size” more subtly. To each effective Weil divisor D over
the product of weighted projective spaces we can associate a counting
function “SizeD”.
For a quasismooth weighted projective variety X over the number
field k whose rational Picard group Pic(X) ⊗ Q has rank one and its
amplitude is a, we expect that
N(X(k), T, Sizea) ∼ CT
where N(X(k), T, Sizea) := #{P ∈ X(k) : Sizea(P ) < T} and C is
a constant. This asymptotic formula is similar to the asymptotic for-
mula in Manin’s linear growth conjecture for the smooth Fano varieties
having Picard group of rank one. The expected asymptotic formula
coincides with our calculations if taking X = P(W ) as a well-formed
projective space (cf. Theorem (A)) or as a quasismooth well-formed
weighted complete intersection in [Den98, Th. A]. We remark here that
the above mentioned quasismooth varieties are (singular) Fano and
have at worst the quotient cyclic singularities. ( Cf. [Fle89], [Del75],
[BR86] or [Dol82])
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Furthermore, we discuss also the rational points on the product of
well-formed weighted projective spaces X =
∏ρ
i=1P(Wi). Since the
product of weighted projective spaces has the rational Picard group
of rank ρ, the choice of “sizes” is more complicated. W.r.t. “sizes”
associated to different divisorical sheaves, we count the rational points
and obtain the correspondent asymptotic formulas. Especially, when
the “anticanonical size” Size−K is chosen, the asymptotic formula (cf.
Theorem (B)) becomes
N(X(k), T, Size−K) ∼ CT (log T )ρ−1
which is also related to the Manin conjecture [FMT89].
2. Weighted projective spaces and their products
In this section we introduce some notions about the weighted pro-
jective varieties and their products. For details about the weighted
projective spaces cf. [Del75], [BR86] [Dol82] and [Fle89].
Let W = (w1, . . . , wm) be an m-tuple of positive integers. Let F
be an algebraically closed field of characteristic 0. Denote S as the
polynomial ring F [x1, . . . , xm]. Regard S = S(W ) as a graded ring with
the graduation deg(xk) := wk for k = 1, . . . , m. The weighted projective
space P(W ) w.r.t. weight W is denoted by P(W ) := Proj(S(W )).
The sum of w′is is denoted by |W | :=
∑
i wi. If without explicite
mentioning, the weighted projective space P(W ) is always assumed to
be well-formed, i.e. each (m−1) elements fromW are relatively prime,
because of [Fle89, I.2.5. and I.2.7.].
Given weights W1 = {w11, · · · , w1,1m}, · · · ,Wk = {wk1, · · · , wk,km},
let P(W1)×· · ·×P(Wk) be the product of weighted projective spaces. It
should be noted in more general context that the product of weighted
projective spaces can be regarded as a toric variety. Here, we will
not use this treatment. Let Si (i = 1, . . . , k) be the polynomial ring
F [xi1, · · · , xi,im ]. The associated graded polynomial ring is
S :=
k⊗
i=1
Si(Wi)
with the graduation
multideg(x1,1i ⊗ · · · ⊗ xk,ki) = (w1,1i, · · · , wk,ki).
More precisely, decompose S to S =
⊕
d Sd where d runs over the
index set Zk≥0 and Sd denotes the set of weighted multihomogeneous
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polynomials of multidegree d. Denote
S+ :=
⊕
d6=0
Sd.
The product P(W1)×· · ·×P(Wk) is nothing else than the set of prime
weighted multihomogeneous ideals in S which do not contain S+.
Let Z denote the affine subscheme
k⋃
i=1
Spec(S1)⊗ · · ·Spec(Si−1)⊗ {0} ⊗ Spec(Si+1) · · · ⊗ Spec(Sk)
in Spec(S). Denote U := Spec(S)\Z. Let π : Spec(S)\Z → P(W1)×
· · ·×P(Wk) be the canonical projection. Let X be a closed subvariety
in P(W1)× · · ·×P(Wk) generated by the weighted multihomogeneous
polynomials f1, · · · , fr . Denote X := V+(f1, · · · , fr). The inverse
image ofX under π is denoted by C(X)∗ and called to be the associated
quasi affine cone. The Zariski closure of C(X)∗, denoted by C(X), is
called to be the associated affine cone. If C(X)∗ is non-singular, X is
said to be quasismooth.
Remark 2.1. The product of weighted projective spaces
∏k
i=1P(Wi)
can be interpreted as the geometrical quotient space U/Gkm ( remem-
ber Gm = Spec(F [T, T
−1])) where the group Gkm acts morphically on
Spec(S) via
S =
k⊗
i=1
Si →
k⊗
i=1
(Si ⊗ F [Ti, T−1i ]) (xij → xij ⊗ Twiji ).
Actually, the group Gkm(F ) = (F
×)k acts on U(F ) via
(λ1, · · · , λk)∗(x1, · · · , xk) = ((λ1)∗x1, · · · , (λk)∗xk)
where
(λi)∗xi = (λ
wi1
i xi1, · · · , λwim,1i xi,1m).
Each closed point in
∏k
i=1P(Wi)(F ) is exactly an orbit under the group
action Gkm(F ) in U(F ).
Remark 2.2. The product of weighted projective spaces is quasismooth
have at most the cyclic quotient singularities.
Denote by KX the canonical (Weil) divisor if X is a normal variety.
Let OX(D) denote the divisorical sheaf associated to the Weil divisor
D on X .
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Remark 2.3. Let X =
∏k
i=1P(Wi) be the product of weighted projec-
tive spaces . Then the following adjunction formula holds:
OX(KX) ∼= OP(W1)(−|W1|)⊠ · · ·⊠OP(Wk)(−|Wk|).
Moreover, each Weil-divisor on X is Q-Cartier, and Cl(X) ∼= Zk where
each k-tuple (a1, · · · , ak) ∈ Zk corresponds the divisorical sheaf
OP(W1)(a1)⊠ · · ·⊠OP(Wk)(ak),
since Cl(P(Wi)) ∼= Z can be identified with the group generated by the
isomorphic class [OP(Wi)(1)] [Del75, prop. 2.3].
3. “Sizes” on the Product of Weighted Projective Spaces
In rest of this paper we fix the following notations: Let k denote a
number field, Ok the ring of integers in k, U(k) the unit group, µ(k)
the group of unity in k, Dk the absolute value of the discriminant,
Vk the set of places over k, S∞ the set of archimedean places, Sf the
set of finite places, N := [k : Q], N = r1 + 2r2 where r1 denotes the
number of real places and r2 the number of complex places, R the
regulator of k, Cl(k) the group of ideal classes, h the class number and
w := #µ(k). Let the v-norms for v ∈ Sk be normalized so that: (1)
|x|v = |x|Nv where Nv = 1 (resp. 2) if v is real (resp. complex) and (2)
|x|v = |Nkv/Qp(x)|p as v|p where |p|p = 1/p . So, the product formula
can be written as ∏
v∈Sk
|x|v = 1
for x ∈ k×.
Assume that the variety X is in the product of well formed weighted
projective space
∏k
i=1P(Wi), where Wi = (wi1, . . . , wi,im). Suppose
that L is an invertible sheaf over X . Then, according to the height
machinery, one can define the Weil height or the Arakelov height w.r.t.
L. Besides heights, we introduce the other functions “sizes” for k-
rational points on the varieties in the product of weighted projective
spaces defined over k. We will see that the function “size” is the “right”
function for counting the rational points on the varieties in the product
of weighted projective spaces in contrast to heights.
Lemma 3.1. The set of k-rational points
∏k
i=1P(Wi)(k) can be re-
garded as the quotient space
∏k
i=1(k
im \ {0})/(k×)k, where (k×)k acts
on via
∏k
i=1(k
im \ {0})
(a1, · · · , ak)∗(x1, . . . , xk) = ((a1)∗x1, . . . , (ak)∗xk).
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In the other words, each k-rational point x = [x1, . . . , xk] on
∏k
i=1P(Wi)
is an orbit Orbx under the group action (k
×)k .
Proof. If y = (y1, . . . , yk) ∼ (x1, . . . , xk) = x ∈
∏k
i=1(k
im \ {0}) then
there exists an a = (a1, · · · , ak) ∈ (k×)k such that a∗y = x, for each
j = 1, . . . , k, aj may be assumed in some finite field extension L/k.
Then, for some nonzero ai, ka
wij
i are in k. So, ka
gcdj(wij)
i is in k. But
gcdj(wij) = 1 for P(Wi) being well-formed. This implies that a ∈
k.
The definition of “ primitive size” for x ∈ P(W )(k) is as follows.
Definition 3.2. For x ∈ (k)m\{0}, define the fractional ideal I(x) via
I−1(x) := {a ∈ k : a∗x ∈ Ok}. Set H∞(x) :=
∏
v∈S∞ maxi=1,··· ,m |xi|
1
wi
v .
Define
Size(x) :=
1
N(I(x))
H∞(x).
Proposition 3.3. If x = (x1, · · · , xm) ∈ Omk then I(x) is really an
integral idea of Ok. Moreover, one has the fact I(a∗x) = aI(x). Con-
sequently, both fractional ideals I(a∗x) and I(x) are in the same ideal
class.
Proof. The first statement is clear from the definition of I(x). The
second statement can be done from
b ∈ I−1(a∗x) ⇐⇒ b∗(a∗x) ∈ Omk ⇐⇒ (ba)∗x ∈ Omk
⇐⇒ ba ∈ I−1(x) ⇐⇒ b ∈ a−1I−1(x).
Remark 3.4. The well-definedness of the function “primitive size” is a
deduction from the product formula and the proposition above.
Remark 3.5. For x ∈ P(W )(Q), the “primitive size” of x can be given
by
Size(x) := min
y∈Orbx,y∈Zm
H∞(y).
The function “primitive size” coincides with the primitive Weil height
when P(W ) = Pm−1 defined over k, because in this case the ideal I(x)
becomes the the ideal generated by the coordinates x1, · · · , xm, where∏
v∈Sf maxi=1,··· ,m |xi| = 1N(I(x)) .
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Remark 3.6. In general, the function size is not equivalent to the height.
For example, given a weighted projective space P(1, 1, 2) over Q. The
twisted sheaf O(2) is very ample. Choose P = (p, p, p) ∈ P(1, 1, 2)(Q)
where p is a prime number. Then
HO(2)(P ) =
max(|x1|2, |x2|2, |x3|)
gcd(x21, x
2
2, x3)
∣∣∣∣∣
(x1,x2,x3)=(p,p,p)
= p
and Size2(P ) = p2.
We define the size of rational points on the product of weighted pro-
jective spaces
∏
iP(Wi) w.r.t. the Weil divisors.
Definition 3.7. Let D be an effective Weil divisor of the product of
weighted projective spaces
∏k
i=1P(Wi) correspondent to (a1, · · · , ak) ∈
Nr. The function size w.r.t. the Weil divisor D is defined via
SizeD(x) := Size
a1(x1) · · ·Sizeak(xk)
for x = (x1, · · · , xk) ∈
∏k
i=1P(Wi)(k).
According to the adjunction formula, the anticanonical divisor −K
is correspondent to (|W1|, · · · , |Wk|). Therefore,
∏k
i=1P(Wi) is Fano.
( Recall that a normal variety is Fano iff its anticanonical divisor is
Q-Cartier and ample.) The anticanonical size Size−K is given by
Size−K(x) := Size|W1|(x1) · · ·Size|Wk|(xk)
for x = (x1, · · · , xk) ∈
∏k
i=1P(Wi)(k).
4. Integral points modulo units
We count the k-rational points on the well-formed weighted projec-
tive space P(W ) in following three sections.
The variety Am \ {0} is the quasi affine cone of the weighted projec-
tive space P(W ). The subgroup U(k) of k× acts on the set Am(k) \
{0} = km \ {0}. In this section, we generalize the idea of [Sch79] to
count the integral points on Am \ {0} modulo U(k) within a suitable
weighted expanding compact set.
For c ∈ Cl(k) an ideal class denote
N(c, T ) := #{x ∈ P(W )(k) : Size(x) ≤ T, [I(x)] = c}
For brevity, choose A as an integral ideal in the ideal c. One has
A−1∗ (A
w1 × · · · × Awm) = Omk .
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Consider the number of orbits U(k)∗(x) for x ∈ (Aw1×· · ·×Awm)\{0}
such that H∞(x) ≤ TN(A). This number is denoted by NU(k)(A, T )
and satisfies
NU(k)(A, T ) = #{U(k)∗(x) ∈ k
m − {0}
U(k)
: I(x) ⊂ A, H∞(x) ≤ TN(A)}.
Denote
NU(k)(A, T ) = #{U(k)∗(x) ∈ k
m − {0}
U(k)
: I(x) = A, H∞(x) ≤ TN(A)}.
We note here that N(c, T ) = NU(k)(A, T ). This can be done by the bi-
jectivity of the mapping from {U(k)∗(x) ∈ km−{0}U(k) : I(x) = A, H∞(x) ≤
TN(A)} to {x ∈ P(W )(k) : Size(x) ≤ T, [I(x)] = c} via U(k)∗x →
k×∗ x. We count at first NU(k)(A, T ).
Let k∞ := k ⊗Q R =
∏
v∈S∞ kv. We recall here the Dirichlet’s unit
theorem.
Theorem (Dirichlet). Let the mapping ℓ : U(k)→ Rr1+r2 be given via
u→ (log |u|v)v∈S∞ . Then Γ := Im(ℓ) builds a lattice of rank r := r1 +
r2−1 in the hyperplane H defined by
∑
v∈S∞ yv = 0 and ker(ℓ) = µ(k).
Let pr : Rr1+r2 → H be the projection along the vector (Nv)v∈S∞ ,
where more precisely prv(y) = yv − (
∑
w∈S∞
yw
N
)Nv. Let
η :
∏
v∈S∞
(kmv \ {0})→ Rr1+r2
be given via η = (ηv)v∈S∞ where ηv : k
m
v \ {0} → R is defined by
ηv(Zv) = log max
i=1,··· ,m
|Zv,i|
1
wi
v
for Z = (Zv)v∈S∞ = (Zv,i)v,i=1,··· ,m ∈
∏
v∈S∞(k
m
v \ {0}). Pick F as a
fundamental domain for H/Γ. Then ∆ := (pr◦η)−1F is a fundamental
domain for
∏
v∈S∞(k
m \ {0})/U(k). We fix our choice of F , which is
standard. Let {u1, · · · , ur} be a basis for Γ in H . Let {uˇ1, · · · , uˇr}
be the dual basis, i.e. uˇj : H → R is the linear functional satisfying
uˇj(uk) = δjk. We choose F = {y ∈ H : 0 ≤ uˇj(y) < 1 ∀j = 1, · · · , r}.
Set the sets
D(T ) := {Z ∈
∏
v∈S∞
(kmv \ {0}) :
∏
v∈S∞
max
i=1,··· ,m
|Zv,i|
1
wi
v ≤ T}
and B(T ) := D(T ) ∩∆. We note here that D(T ) is U(k)-stable. This
can be done by∏
v
max
i
|uwiZv,i|
1
wi
v =
∏
v
|u|v
∏
v
max
i
|Zv,i|
1
wi
v =
∏
v
max
i
|Zv,i|
1
wi .
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The properties concerning the fundamental domain and the group ac-
tions are as follows.
Proposition 4.1. (1) ∆ is µ(k)-stable.
(2) U(k)∗(∆) = H.
(3) u∗(∆) ∩∆ = ∅ for u ∈ U(k) \ µ(k).
Proof. This can be deduced from [Sch79, Lemma 1.]
We want to count the number of U(k)-orbits in (Aw1×· · ·×Awm)\{0}
within the expanding set D(T ). According to the proposition above
and the fact of D(T ) being U(k)-stable, it suffices to count the number
of µ(k)-orbits in (Aw1 ×· · ·×Awm) \ {0}∩B(T ). Since the group µ(k)
acts effectively, each µ(k) contains w points. Therefore
Proposition 4.2.
w#{U(k)∗(Z) ∈ (A
w1 × · · · × Awm) \ {0}
U(k)
:
∏
v∈S∞
max
i=1,··· ,m
|Zv,i|
1
wi ≤ T}
is the number of points of Aw1 × · · · × Awm \ {0} in B(T ).
Lemma 4.3. (1) t∗∆ = ∆ for t ∈ R×
(2) B(T ) = T
1
N∗ B(1)
Proof. (Cf. [Sch79, Lemma 3. p. 438]) (1) For Z ∈ ∏v(kmv \ {0}) and
t ∈ R×, we have
η(t∗Z) = log |t|(Nv)v∈S∞ + η(Z).
Since η is linear and annihilates the vector (Nv)v∈S∞ , we have pr ◦
η(t∗Z) = pr ◦ η(Z). The fact (1) is done.
(2) Let ρ(Z) =
∏
v∈S∞ maxi=1,··· ,m |Zv,i|
1
wi . Then,
ρ(t∗Z) = |t|
∑
v Nvρ(Z) = |t|Nρ(Z).
Using the fact (1), the fact (2) is achieved.
Here, we need some notions from weighted expanding sets. Let P
be a bounded subset of Rk with C1-parametrizable boundary (or well-
shaped boundary ), i.e. there exist finitely many C1 mappings from
[0, 1]k−1 to Rk such that the boundary ∂P is contained in the union of
those images. Given a weight W = (w1, · · · , wk) ∈ Nk. The weighted
expanding set P(T ) is defined by
P(T ) := T∗P := {(Tw1x1, · · · , Twkxk) : (x1, · · · , xk) ∈ P}.
We state here an observation.
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Proposition 4.4. Notations as above. Let Λ be a lattice in Rk. Then
#Λ ∩P(T ) = V olk(P(T ))
det Λ
+O(
V olk−1(∂P(T ))
det Λ
)
= T |W |
V olk(P)
det Λ
+O(T |W |−wmin)
where wmin := mini=1,··· ,mwi.
Proof. Let D be a paralleltope fundamental domain of Rk/Λ. The
paralleltopes c + D ( c ∈ Λ ∩ P(T )) cover P(T ). Moreover, there
exists at most number of O(
V olk−1(∂P(T ))
det Λ
) such paralleltopes which
have nonempty intersection with ∂P and are not contained in P(T ).
Since P has the C1-parametrizable boundary, it can be shown that
V olk−1(∂P(T ))
det Λ
= O(T |W |−wmin). Then it is not difficult to obtain the
conclusion.
We apply this observation to count the number of Aw1×· · ·×Awm \{0}
in B(T ) by taking P = B(1) ⊂ RNm, P(T ) = T
1
N∗ B(1), Λ = (Aw1 ×
· · ·×Awm). Consider A →֒ k∞ =
∏
v∈S∞ kv , where A build a lattice in
k∞ with determinant
√
DkN(A)
2r2
. The lattice Λ has therefore determinant
D
m
2
k N(A)
|W |
2mr2
.
In fact, we have by Proposition (4.2)
Proposition 4.5.
# {U(k)∗(Z) ∈ (A
w1 × · · · × Awm) \ {0}
U(k)
:
∏
v∈S∞
max
i=1,··· ,m
|Zv,i|
1
wi ≤ T}
=
1
w
(
T
N(A)
)|W |
2mr2
D
m
2
k
V olNm(B(1)) +O((
T
N(A)
)|W |−
wmin
N )
Corollary 4.6.
NU(k)(A, T ) =
1
w
T |W |
2mr2
D
m
2
k
V olNm(B(1)) +O(T
|W |−wmin
N )
Remark 4.7. It remains to show that the bounded set B(1) has really
the C1-parametrizable boundary. We will discuss about this in the
next section.
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5. Computations on the volume of B(1)
In this section, we show that the bounded set B(1) has really the
C1-parametrizable boundary. Furthermore, we compute the volume of
B(1) . Recall
B(1) := BW (1)
:=
{
Z ∈
∏
v∈S∞
(kmv \ {0}) :
∏
v∈S∞ maxi=1,··· ,m |Zv,i|
1
wi
v ≤ 1
pr ◦ η(Z) ∈ F
}
.
Set
B0(1) :=
{
X ∈
∏
v∈S∞
(kmv \ {0}) :
∏
v∈S∞ maxi=1,··· ,m |Xv,i|v ≤ 1
pr ◦ η(Z) ∈ F
}
where η = (ηv)v∈S∞ and ηv(Xv) := logmaxi=1,··· ,m |Xv,i|v.
Lemma 5.1. The bounded set B0(1) has the C
1-parametrizable bound-
ary.
( Cf. [Sch79, Lemma 10])
Proposition 5.2. BW (1) has the C
1-parametrizable boundary.
Proof. Construct the mappings ϕǫ : B0(1) → BW (1) via (Xv,i)v,i →
(ǫ(v, i)Xwiv,i)v,i where ǫ : S∞ × {1, · · · , m} → {±1}. It is clear that
the union
⋃
ǫ Imϕǫ covers BW (1). From Lemma (5.1), B0(1) has
the C1-parametrizable boundary, i.e. there exist finitely many C1-
mappings φi : [0, 1]
mN−1 → RmN such that ⋃i Imφi ⊃ ∂B0(1). There-
fore,
⋃
ǫ,i ϕǫ ◦ φi([0, 1]mN−1) ⊃ ∂BW (1).
We generalize the computations in [Sch79, Proposition. p.443] as fol-
lows:
Proposition 5.3.
V olmN (BW (1)) = 2
mr1πmr2R|W |r1+r2−1
Proof. Consider the polar coordinates (ρv,i, θv,i)v∈S∞,i=1,···m where (1)
ρv,i = |Zv,i|, θ = argZv,i if v is complex and (2) ρv,i = |Zv,i|, θ = signZv,i
if v is real . Then,
V olmN (BW (1)) = 2
mr1
∫
D
∏
v:complex
ρv,i
∏
v∈S∞
dρv,i
∏
v:complex
dθv,i
where the integral domain D is given via ρv,i ≥ 0, 0 ≤ θv,i < 2π satis-
fying
∏
v∈S∞ maxi=1,··· ,m ρ
Nv
wi
v,i ≤ 1 and pr ◦ logmaxi=1,···m ρ
Nv
wi
v,i ∈ F .
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Integrating w.r.t.
∏
v:complex dθv,i, we have
2mr1(2π)mr2
∫
D
∏
v,i
ρNv−1v,i dρv,i.
Decompose the integral domain as follows: D =
⋃
σ:S∞→{1,··· ,m}Dσ
where Dσ is the subset of D such that maxi=1,··· ,m ρ
1
wi
v,i = ρ
1
wσ(v)
v,σ(v) for
v ∈ S∞. The different D′σs meet each other only on the lower dimen-
sional real loci defined via the equations ρ
1
wi
v,i = ρ
1
wj
v,j .
It suffices to compute
∫
Dσ
∏
v,i ρ
Nv−1
v,i dρv,i. Let tv,i = ρ
Nv
v,i , so dtv,i =
Nvρ
Nv−1
v,i dρv,i. Therefore,
∫
Dσ
∏
v,i ρ
Nv−1
v,i dρv,i =
1
2mr2
∫ ∏
v,i dtv,i. Inte-
grating w.r.t. dtv,i for all i 6= σ(v),
∫ t wiwσ(v)
v,σ(v)
0 dtv,i = t
wi
wσ(v)
v,σ(v), then we have
2mr1(2π)mr2
∫
Dσ
∏
v,i
ρNv−1v,i dρv,i = 2
mr1πmr2
∫ ∏
v∈S∞
t
|W |
wσ(v)
−1
v,σ(v) dtv,σ(v).
Substituting τv = t
1
wτ(v)
v,σ(v) in the integral above, one has
2mr1(2π)mr2
∫
Dσ
∏
v,i
ρNv−1v,i dρv,i = 2
mr1πmr2
∫ ∏
v∈S∞
(wσ(v)τ
|W |−1
v dτv)
where the integral domain is
{τ = (τv) ∈ Rr1+r2≥0 |0 ≤
∏
v∈S∞
τv ≤ 1, 0 ≤ uˇj(pr ◦ log τv) ≤ 1}.
Via the change of variables, u =
∏
v∈S∞ τv and ξj = uˇj(pr ◦ log τv)
for j = 1, · · · , r, where the Jacobian is ±R and the integral domain
becomes 0 ≤ u, ξj ≤ 1. We have∫
Dσ
2mr1(2π)mr2
∏
v,i
ρNv−1v,i dρv,i = 2
mr1πmr2R
∏
v∈S∞ wσ(v)
|W | .
Summing up the integrals over all D′σs for σ : S∞ → {1, · · · , m}, this
leads to the conclusion.
6. The Asymptotic Formula on P(W )(k)
In this section we obtain the asymptotic formula on the set of ra-
tional points P(W )(k) w.r.t. “ primitive size”. Let B be a countable
set, and φ a counting function, i.e. for every positive number T the
cardinality of the set of x ∈ B with φ(x) ≤ T is finite. Let N(B, T, φ)
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denote the cardinality of this finite set. We are interested especially in
N(P(W )(k), T, Size) = #{x ∈ P(W )(k) : Size(x) ≤ T} as T →∞.
Theorem (A).
N(P(W )(k), T, Size) ∼ CWk T |W |
where
CWk :=
h
ζk(|W |)(
2r1+r2πr2√
Dk
)m
R
w
|W |r1+r2−1
and the error term is O(T |W |−
wmin
N ) (if P(W )(k) = P1(Q) the error
term is taken to be O(T log T )).
Proof. From the discussions above, we have #{x ∈ P(W )(k) : Size(x) ≤
T} =∑c∈Cl(k)N(c, T ) =∑[A]∈Cl(k),A idealNU(k)(A, T ). Since
NU(k)(A, T ) =
∑
B:ideal
NU(k)(AB,
T
N(B)
),
By the Mo¨bius inversion formula,
NU(k)(A, T ) =
∑
B:ideal
µ(B)NU(k)(AB,
T
N(B)
),
where µ(·) is the Mo¨bius function on the monoid of the ideals in Ok.
By Corollary (4.6) and Proposition (5.3), we have
NU(k)(AB,
T
N(B)
) ∼ (2
r1+r2πr2√
Dk
)m
R
w
|W |r1+r2−1( T
N(B)
)|W |.
Using the fact ζk(s)
−1 =
∑
B:ideal
µ(B)
N(B)s
for Re(s) > 1, we can obtain
the main term for NU(k)(A, T ), i.e.
1
ζk(|W |)(
2r1+r2πr2√
Dk
)mR
w
|W |r1+r2−1T |W |.
The estimate of the error term is standard and cf. [Sch79, Lemma 12.].
Summing up NU(k)(A, T ) for [A] ∈ Cl(k), we obtain the conclusion.
Corollary 6.1.
N(P(W )(k), T, Size−K(x) ≤ T} ∼ CWk T
and
N(P(W )(k), T, Sizee(x) ≤ T} ∼ CWk T
|W |
e
for e ∈ N.
Proof. By the adjunction formula, O(−K) ∼= O(|W |), |W | is the am-
plitude of the Fano variety P(W ), therefore Size−K = Size|W |.
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Remark 6.2. In fact, for any Zariski open U in P(W ) over k, we have
N(U(k), T, Size) ∼ CWk T |W |.
The proof of this fact is based on the same argument to prove Theorem
(A) with only slight modifications. Let π → Am \ {0} → P(W ) be the
canonical projection. Let S := P(W ) \ U . It suffices to replace D(T )
(resp. BW (T )) by D(T ) ∩ U(k∞) (resp. BW (T ) ∩ U(k∞) ), where
BW (1) ∩ U(k∞) has the C1-parametrizable boundary and the same
volume as BW (1).
A variety X over k has a Zariski closed subset S as a subvariety of
accumulation points w.r.t. the counting function φ, iff
lim sup
logN(X(k), T, φ)
log T
> lim sup
logN((X \ S)(k), T, φ)
log T
.
Proposition 6.3. P(W ) has no subvariety of accumulation points w.r.t.
“Size”.
Proof. Use Remark (6.2).
7. Rational Points on the Product of weighted
Projective Spaces
Based on the asymptotic formula in Theorem (A), we are able to
count the rational points on the product of weighted projective spaces
w.r.t. different “sizes”. Our treatment is quite elementary which is
based on the following fact.
Lemma 7.1. Let X and Y be countable sets , and φ1 (resp. φ2) the
counting functions on X ( resp. Y ). Let φ = φ1 × φ2 be a counting
function on X × Y . Assume that
N(X, T, φ1) = CXT
α(X)(log T )β +
{
O(T α(X)(log T )β−1) if β ∈ N
O(T α(X)−δ1) if β = 0
and N(Y, T, φ2) = CY T
α(Y ) +O(T α(Y )−δ2) where β ≥ 0, δ1 > 0, δ2 > 0
and α(X) ≥ α(Y ). Then
N(X × Y, T, φ) =

CXCY α(X)
β+1
T α(X)(log T )β+1 +O(T α(X)(log T )β) if α(X) = α(Y )
CXCY α(Y )
α(X)−α(Y )T
α(X)(log T )β +O(T α(X)(log T )β−1) if α(X) > α(Y ), β > 0
CXCY α(Y )
α(X)−α(Y )T
α(X) +O(T α(X)−δ) if α(X) > α(Y ), β = 0
for some δ > 0.
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Proof. The treatment is similar to [FMT89, 2.Proposition.] and ele-
mentary.
N(X × Y, T, φ) =
∑
x∈X
N(Y,
T
φ1(x)
, φ2)
=
∑
x∈X
CY (
T
φ1(x)
)α(Y ) +O((
T
φ1(x)
)α(Y )−δ)
The error term has the similar structure as the main term, we discuss
here only about the main term. Let a(i) denote the cardinality of the
set {x ∈ X : i− 1 < φ1(x) ≤ i}. Then
N(X × Y, T, φ) ∼ CY
T∑
j=1
a(j)(
T
j
)α(Y ) +O((
T
j
)α(Y )−δ),
where
M∑
i=1
a(i) = N(X,M, φ1) = CXM
α(X)(logM)β +O(Mα(X)(logM)β−1).
Using the Abel summation, we have
N(X × Y, T, φ) ∼ CXCY T α(Y )
T∑
j=1
jα(X)(log j)β
∫ j+1
j
α(Y )(
1
x
)α(Y )+1dx.
Replacing the summation by the integral for the sake of the mean value
theorem, we obtain
N(X × Y, T, φ) ∼ CXCY α(Y )T α(Y )
∫ T+1
1
(log x)βxα(X)−α(Y )−1dx
∼
{
CXCY α(X)
β+1
T α(X)(log T )β+1 if α(X) = α(Y )
CXCY α(Y )
α(X)−α(Y )T
α(X)(log T )β if α(X) > α(Y ).
The estimate for the error term is silimar to the estimate for the main
term.
Using this lemma iteratedly, we can give the asymptotic formula for
N(
∏k
i=1P(Wi)(k), T, SizeD) where D is the Weil divisor corresponding
to (a1, · · · , ak) ∈ Nk, especially:
Theorem (B). Let P (Wi) = P (wi,1, · · · , wi,m) for i = 1, . . . , k. Then
their product satisfies the asymptotic formula
N(
k∏
i=1
P(Wi)(k), T, Size−K) ∼ C(W1, · · · ,Wk, k)T (log T )k−1
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where
C(W1, · · · ,Wk, k) =
hk
k!
∏k
i=1 ζk(|Wi|)
(
2r1+r2πr2√
Dk
)
∑k
i=1 im(
R
w
)k
k∏
i=1
|Wi|r1+r2−1.
Remark 7.2. The product of weighted projective space
∏k
i=1P(Wi) has
no subvariety of accumulation points w.r.t. “Size−K”.
For comparison with our expectation, we formulate a version of
Manin’s linear growth conjecture:
Conjecture (Manin). Let X be a nonsingular projective Fano variety
defined over the number field k. Let H−K be a height function w.r.t.
the anticanonical divisor. X(k) is supposed to be dense in X in the
sense of Zariski topology. Let ρ := rankP ic(X). Let U be a Zariski
open set in X having no accumulation points w.r.t. H−K. Then
N(U(k), T,H−K) ∼ C(X, k)T (log T )ρ−1
where C(X, k) is a positive constant. (Cf.[BM90])
Remark 7.3. The product of weighted projective spacesX =
∏k
i=1P(Wi)
is a (singular) projective Fano variety and has no accumulation points
w.r.t. the anticanonical size “Size−K”. It is also easy to see that
X(k) is Zariski dense in X for any number field k. Furthermore,
Pic(X) ∼= Zk. The asymptotic formula in Theorem (B) is parallel
to the expectation of Manin’s conjecture.
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